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A Fast Semidirect Method for Computing
Transonic Aerodynamic Flows

E. Dale Martin*
NASA Ames Research Center, Moffett Field, Calif.

A fast, semidirect, iterative computational method, previously introduced for finite-difference solution of
subsonic and slightly supercritical flow over airfoils, is extended both to apply to strongly supercritical con-
ditions and to include full second-order accuracy in computing inviscid flows over airfoils. The nonlinear small-
disturbance equations are solved iteratively by a direct, linear, elliptic solver. General, fully conservative, type-
dependent difference equations are formulated, including parabolic- and shock-point transition operators that
provide consistency with the integral conservation laws. These equations specialize either to first-order (Mur-
man’s equations) or to fully second-order-accurate equations. The equations, derived for u and v, have
equivalent velocity-potential expressions. Additional stabilizing terms (resulting in an off-center u, term)
produce the iterative convergence, even with large supersonic zones. Various free parameters are evaluated for
rapid convergence of the first-order scheme. Resulting pressure distributions and computing times are compared
with the improved Murman-Cole line-relaxation method. The second-order results are highly accurate on a very
coarse mesh. The timing comparisons indicate that the present method, aithough not presently as flexible, is
significantly faster than the conventional line-relaxation method.

1. Introduction

OR the computation of two-dimensional steady, in-

viscid, transonic aerodynamic flows over airfoils, current
computer programs! using line-relaxation methods>* and
based on transonic small-disturbance theory are fast and
flexible, having been highly developed over the past few years.
As such, they provide a valuable analysis tool that com-
plements methods and programs based on the full potential
equation.>”’ (See Ref. 8 for a comprehensive review and fur-
ther references.) Because a computer is limited by the
program’s speed and efficiency (which become very important
in complex three-dimensional flows), we continually seek to
develop methods that are as fast and efficient as possible.

The development of rapid computational techniques for
solving both linear and nonlinear partial differential
equations such as those governing fluid flow has been ad-
vanced recently by the use of ‘‘direct elliptic solvers’’ within
iteration schemes. >!! A direct elliptic solver (¢.g., Ref. 12)isa
fast, efficient algorithm that takes maximum advantage of the
sparseness and regular block structure of a separable, linear,
elliptic-operator matrix in a system of finite-difference
equations. In a “‘semidirect’’ iterative method, a direct elliptic
solver determines the finite-difference solution at all points
simultaneously, with possible nonlinear ‘‘source terms’’ that
depend on the previous iteration. With this ‘‘fully implicit”’
approach, iterative convergence can be faster than in other
relaxation methods because changes from one iteration to the
next are felt simultaneously at all points without the limitation
of a ““propagation speed.”’

Reference 13 extended the semidirect method to a problem
that is both nonlinear and of mixed type, i.e., nonelliptic in
some regions: slightly supercritical, inviscid, transonic flow
over an airfoil in a subsonic freestream. (An elliptic operator
is solved at each iteration in such a way that, when the
solution converges, the elliptic character of the left side of the
equations is cancelled out at nonelliptic points by appropriate
terms on the right side.) For use in Ref. 13, a fast, direct
“Cauchy-Riemann solver’”” was developed'* to treat the
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discretized elliptic operators in first-order systems of partial
differential equations. The equations solved in that study
were equivalent to the improved Murman-Cole transonic dif-
ference equations,?* which are type-dependent, fully con-
servative representations of the nonlinear transonic small-
disturbance equations. With that formulation, the iterations
did not converge when the flow was more than slightly super-
critical. Subsequently, Ref. 15 described progress made and
preliminary results computed in extending the method of Ref.
13 to higher-Mach-number flows over airfoils. The Cauchy-
Riemann solver of Ref. 14 also was extended!® to allow
stabilizing terms to be added to the iteration procedure.

The purposes of this paper are 1) to formulate general, fully
conservative, type-dependent, nonlinear, transonic small-
disturbance difference equations that can be specialized either
to Murman’s first-order-accurate equations or to second- -

order-accurate difference equations; 2) to present and analyze

the second-order-accurate, fully conservative transonic dif-
ference equations, which allow use of a coarse mesh for ac-
curate solutions; 3) to describe the extension of the fast
semidirect method to obtain stable iterated solutions for
strongly supercritical conditions with large embedded super-
sonic zones, and 4) to present results of computed pressure
distributions, including the computation times, the values of
free parameters in the formulation that produce rapid con-
vergence, and comparisons with Murman’s line-relaxation
method. The computed results that illustrate the present
developments are for a thin symmetrical biconvex airfoil at
zero incidence, but it is anticipated that the method can be ex-
tended to more general flows.

II. Governing Equations
The two-dimensional, steady, inviscid, irrotational, tran-
sonic small-disturbance equations are

u +v,=bu,+a(u?), (1a)
u,—v,=0 : (1b)

in terms of the perturbation-velocity components u# and v,
where
U=1l+1u, V=1v )

and where 7 is an airfoil thickness ratio. The Cartesian coor-
dinates x and y are normalized by the airfoil chord length. The
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constants ¢ and b are defined by

a=(1/2) (y+ 1) f(M), b=MZ (3)
where v is the ratio of specific heats, and f(M ) —0(1) as
M_, —1. The function f(M,,) commonly is taken to be MZ,, as
recommended in a study by Spreiter,!” although different
powers of M, (M3? and MZ*) have been used, e.g., by Mur-
man and his collaborators, “** to ‘‘tune up’ the small-
disturbance theory for better agreement with solutions to the
full potential equation.

Two convenient transformations are used. The first in-
cludes two constant free parameters that affect the rate of
iterative convergence in an iterative solution of the equations.
If », is an arbitrary positive constant ‘‘relaxation parameter”’
and 4 is an arbitrary constant “‘shifting !° parameter’’ used to
shift all or part of the bu, term in Eq. (1a) from one side to
the other (see Ref, 15 for motivation and derivation), then the
transformation and resulting equations are

a(x,y)=vi*Bu(xy), v(xp)=v(xy), y=vi'fy (@

a=av{’/B’, B=1(1-b)/(1-b)]" ®)
i, +0,=bn, +a(u?), (6a)
a4, —0,=(I—v,)i (6b)

Special cases include 1)y, =1 and b=b=M2,, and 2)r,=1
and b=0. Case 2 corresponds to a Prandtl-Glauert (P-G)
transformation; Egs. (6) then are the *‘P-G scaled’’ equations
used in Ref. 13, and & is a transonic similarity parameter,

a=a;=(7/2) (y+1)(I-MZ) ¥ f(M.) =(¥2)K > (7)
Since Egs. (1) are a special case of Eqgs. (6), let us drop the
overbars from all of the variables and parameters in Egs. (6),
with the understanding that u represents #, etc.

The next transformation simplifies the development and
analysis. Let
d=2au+b—1=2a(u—ucg), 0=2av (8)

where u ¢ is sonic velocity. Then Eqs. (6) are simply

q.+0,=0 (9a)
v, —0,=0 9b)

where
g=—a°/2, G.=—aiy (10

With @=¢, and 0=¢,, Eq. (9a) is equivalent to the model
equation used by Murman* in his definitive development of
fully conservative, first-order-accurate, type-dependent dif-
ferencing.

The system of Eqs. (9) is of elliptic, parabolic, or hyper-
bolic type, depending on whether # is negative, zero, or
positive. In the solution of Egs. (9), it is important to insure a
proper transition from one type to another. For this purpose,
following Murman, * note that the differential Eqgs. (9), which
are inconservative or conservation-law form, also may be
represented by integral forms. With the flux vector F defined
by

F=e,j+e,d (1

where e, and e, are unit vectors in the x and y directions, the
divergence theorem applied to Eq. (9a) over an area becomes

§{ve FAA={Fs nds=0 (12)
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Equations (9) are valid except across surfaces of discon-
tinuity, where jump relations must be obtained from the in-
tegral form [Eq. (12)]. Furthermore, in a discretized treat-
ment of Egs. (9), the discretized form of Eq. (12) can be used
for proper handling of any change of type, including smooth
transitions between elliptic and hyperbolic forms.

II1. General, Fully Conservative, Type-Dependent
Difference Equations

General, fully conservative, type-dependent finite-
difference equations that represent Eqs. (9), with transitions
determined by Eq. (12), can be defined without regard to the
order of accuracy. These equations may contain elliptic-point
(E) or hyperbolic-point (H) operators, and, for the transition
from elliptic to hyperbolic, a parabolic-point (P) operator,
and, for hyperbolic to elliptic, a shock-point (S) operator (cf.
Ref. 4). For this definition, it will be seen that one need define
only 1) a suitable mesh, 2) an “‘elliptic-form”” g of the flux 4,
3) a ‘‘hyperbolic-form” Gy of the flux §, and 4) an ap-
propriate test to determine if the representation of § should be
gr or @y. Since G, in Egs. (9) determines the type of point, the
other terms can be central-differenced, denoted by subscript
C. Thus the general, fully conservative, type-dependent dif-
ference equations representing Eqs. (9) may be written as

(@) 7+ (5,)c=0 (13a)
v (@) o= (0) c=0 (13b)

where subscript 7 is replaced by E, H, P, or S, depending on
the type of point at which Eq. (13a) is being solved.

For defining both the general and pamcular type- dependent
operators, consider the mesh shown in Fig. 1. The indices j
and k denote the x and y directions, respectively. The mesh is
staggered in v and v, with velocity potential ¢, ; defined at
points (dots in Fig. 1) horizontally between the u,, points,
and stream function ¢, , defined at points (crosses on Fig. 1)
horizontally between the v;, points. The points ¢, and ¥, ,
are, respectively, the points at which Egs. (13a) and (13b) are
satisfied. The mesh cell for the integral form of Eq. (13a) is
the shaded area with ¢, , at the center.

To define the type-dependent operators in terms of Gz and
Gy, consider now in Fig. 2a three mesh cells like the shaded
area in Fig. 1. For whatever §; and §; are defined, and for
whatever test determines the choice of G, or §,, assume that
an E point always has § at both left and right boundaries
represented by the form §. and that an H point always has
g at both left and right boundaries represented by the form

Y-z, k+i . RN . Ui k+l
I
i
|
+ Yik—— Vj+1, k
|
|
I
Yj-2,k Y- K B4,k DY
+ Vi-1, k-1 ///‘* i+, k |JL
1 Ax -

Fig. 1 Differencing mesh and mesh cell.
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Fig.2 Mesh cells and definition of operators.
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Gu. Now define a P point as the center of a mesh cell that is a
transition from E to H and an S point as the center of a mesh
cell that is a transition from H to E [Fig. 2b]. Simply fill in
the transition cells by the dashed lines on Fig. 2b, and require
that § on the upstream and downstream sides of a P point be
represented, respectively, by §r and §, and for an S point,
respectively, by §y and . We thus obtain the general
definitions of P and § points that satisfy the integral ex-
pression [Eq. (12)] for any collection of adjacent mesh cells,
ie.,

(AGY e = (GE) j — (dE) j- 1k (142)
(A9 = (Gu) je = (Gu) j- 1k (14b)
(AG) p=(Gu) j— (GE) j- 1k (14¢)
(A7) s=(GE) ju— (1) j- 1k (144d)

where § on the right side of the mesh cell has subscript j and
on the left j—1I (Fig. 1). The general type-dependent dif-
ference Eqs. (13) may be written simply as

(AG) 7/Ax+ (D~ Ty iy )/ By =0 (15a)

v (pes =000 ) /DY — (G0 14— By) /AX=0  (15b)
where

(A9) r=(Gc) jx—(@c) -1k (16)

and where subscript G (for ‘‘generic,” following Lax'®) is
either an H or an E, depending on a test to be specified at each
J.k. Note that each 7, and i, in Egs. (15) could be replaced
by some other symbols that represent those quantities and
that would be conserved across cell boundaries and could be
specified to represent the finite differences to higher order.
The general method of conservative differencing was
established by Lax and Wendroff, I and this method in which
g can change its form according to certain rules is an ap-
plication of that method.

Summarizing at this point, 1) the definitions of §; and g,
along with a test that specifies the choice between G or Gy,
determine all four operators, E, H, P, S [Egs. (14) or (16)];
2) the integral expression [Eq. (12)] is satisfied automatically
for any collection of adjacent mesh cells; and 3) the order of
accuracy of the operators will depend only on the
specification of g and G . It remains now to specify the test
to choose between G and G, at each mesh-cell boundary and
to choose the forms of §r and §,. The latter choice will
depend on the order of accuracy desired and other con-
siderations (Secs. IV and V).

Consider now the test to determine if (G ), at a mesh-cell
boundary should be represented by §r or §y. The simplest
and possibly the most natural choice would be to assume that
sonic velocity should occur within every P mesh cell and
within every S mesh cell and not in E or H cells. In the shaded
area of Fig. 1, then, a P point would require &#,;_, , <0 and
#i;,>0, and, for an S point, &;_,,>0 and #;,<0. The
preceding definitions of E, H, P, and S points then apply only
if

(G¢)jx=(Gg) i ford;, +oa,_,,<0 (17a)

:(qH)j,k forﬁj,k+5ﬂj_,,k>0 (17b)

(with §=0) in Eq. (16). However, Murman’s* tests are Egs.
(17) with 6= 1, which were derived by considering the first-
order-accurate, finite-difference equations and the stability of
the difference operators in his relaxation method. A reviewer
has pointed out (see also Ref. 20) that, at least for a normal
shock, 6 should be 1.0 in order to be compatible with the
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proper shock-jump relation at the S point. This can be seen by
writing the inequality in Eq. (17a) on the right side of the
mesh cell and the inequality in Eq. (17b) on the left side
(where j is replaced by j— I). The results are

—(1/5)11j,k>ﬂj_1,k>—6ﬂj_2,k (18)

for an S point. As shown later in Sec. IV E, either for first-
order accuracy or in the limit as Ax—O0 for second-order ac-
curacy, the correct normal shock jump occurs from @;_,, to
i; cand is given by

jp=—U;-2x (19}
Thus, 4;_, , should be limited by

but this condition, along with Eq. (19), requires 6=1 in Eq.
(18) for a normal shock. Nevertheless, it was decided to let 6
be arbitrary in the test Eqgs. (17) and investigate the effects of
varying & in the computations.

As done analogously by Bailey and Ballhaus?! in their for-
mulation of the improved Murman-Cole equations for first-
order-accurate operators, one could, if desired, replace each

(Gc),« inEgs. (16) by -

(d6)jx=U—0;x) (Ge) jx +0;4(Gn) jx (20)

where
oj=0ford; +6d;_;,<0 " (21a)
=1 for it +6i1, ;>0 e

1V. First- and Second-Order-Accurate
Difference Equations

The fully conservative difference equations will be defined
completely when the forms of G and G, are defined. For the
following developments, finite-difference formulas for
derivatives of §= —ii2/2 at the point designated ¢, inFig. 1
are considered. Note for this purpose that @; s, @;_; ,#;_ 2,
and 4,_; . are, respectively, at distances of 1/2, —1/2, —3/2,
and —5/2 times Ax from point ¢;,. All first- and second-
order-accurate formulas to follow can be put in terms of ¢, ,
on a conventional mesh (dots in Fig. 1) by replacing each @, ,
and 7; ;, by the second-order-accurate relations:

Bk =(Djurh— Pk )/AX, U =A(d; 14— ;1) /Ay (22)

In choosing g and gy as representations of g, we take the
point of view that the order of accuracy to which (Gg),«
or (Gu),, represents g, itself is not important (illustrated in
Ref. 22 for an E point). The only requirements in defining gz
and gy are 1) that the differencing be conservative, which is
already assured by the foregoing definitions; 2) that the dif-
ferences [Eq. (14)] in Eq. (15) give the order of accuracy
desired; and 3) that the operators be consistent and stable in
the proposed applications (Sec. V).

A. Elliptic Point (£)
For an elliptic point, the second-order-accurate central dif-
ference approximation is

(§) p=(1/8x) [ = ()7, + (V) a7 41 +0(Ax7)  (23)

Comparison of Ax(§,) g from Eq. (23) with (AgG)  from Eq.
(14a) leads to the choice

(QEz)j,k= —1/217/2',/( (24)

where the 2 following the subscript E denotes second-order
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accuracy. This, of course, gives the second-order-accurate £
-point difference equation from Eq. (15a) with Eq. (14a)
which customarily is used.

B. First-Order Formulas (H1, P1, SI)

In the hyperbolic region, upwind differencing is ap-
propriate. Following Murman and Cole,? one obtains (§,) »
by just shifting the elliptic differencing one mesh interval up-
stream so that

(@) = (1/Dx) (= 2di_ ,+ 27 5,) +0(Ax)  (25)

Comparison of Ax(g,) y from Eq. (25) with (Ag) 5 from Eq.
(14b) leads to

(Gun) jo=—"2l]_1x (26)

Equation (15a) with this relation is equivalent to the Murman-

Cole first-order-accurate, hyperbolic-point difference
equation.

Since §gr and ¢, now are defined for the first-order-
accurate method, the parabolic-point and shock-point
operators follow directly from Eq. (15a) with Eqgs. (14¢) and

(144d):
(AG) p;=—

(AG) s1=—

Vi, o+ Vall?_ =0 (27a)
VaitZ, + Va2 (27b)

which yield Krupp and Murman’s parabolic-> and shock-
point* operators. Thus, the four forms given by Egs. (15)
with Eqs. (14, 24, and 26) aré equivalent to those of Murman
in Ref. 4.

C. Second-Order Formulas (H2a, P2a, S2a)

The first-order-accurate, upwind difference formula in the
foregoing uses values at the points in Fig. 1 designated u;_,
and u;_,. A second-order-accurate, upwind difference for-
mula needs to use #;_, «, ;5 and u;_; .. However, the for-
mula is not unique,?* and so two forms, H2a and H2b, are
considered. Each of these forms has its corresponding P and
S forms.

Consider first the second-order-accurate, upwind dif-
ference expression:

(G ==Y Qi+ —0;_34) (20 _ ) —3; 5
+ﬂj_3,k)/Ax+O(AX2) = =2l (20;_ 1 —F;_54) 2
— (2l —1_34) ]/ Ax+ O(AX?) (28)

Comparison of Ax(§,) i from Eq. (28) with (A§) 5 from Eq.
(14b) leads to

Vo 28 = j_54) 7 (29)

Equation (28), with substitution of Egs. (22), is equivalent to
the second-order-accurate, hyperbolic formula proposed by
Murman and Cole. ?

With Egs. (24) and (29), the corresponding parabolic- and
shock-point operators are obtained from Eqs. (14c) and (14d):

(G2 jk=—

(AG) p2e = —V2[(2ﬁj—1,k-aj—z,k)z“ﬁf—ak] (30a)

(AG) s20=—Vallifs— (Zaj—z,k_ﬁj-j,k)z] (30b)

We thus have a complete system (E, H, P, and S) of second-
order-accurate difference equations given by Eqs. (15) with
(14, 24, and 29). Properties of this scheme are discussed in
subsections below and in Secs. V and VI.

D. Second-Order Formulas (H2b, P2b, S2b)
The most straightforward derivation of the upwind dif-
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ference for (%?), to second-order accuracy yields

(G u=—"21207_ 1 —T7_54)

— (28] 54 —#]_5x) 1/Ax+ O(Ax?) (31

Comparison of Ax(g,) x from Eq. (31) with (AG) i from Eq
(14b) leads to

(Grzp) jo=—="2(207_; , —i7_5,) | (32)
(AG) poo=—Ya (@7 1, —07_34) (33)
(AG) sop=— V2l ], — 20754 +T7_34) (34)

The complete set of equations for E, H, P, and S points for
this scheme thus is given by Eqgs. (15) with (14, 24, and 32).
This scheme is discussed further in the following and in Secs.
Vand VI.1

E. Results for Normal Shock Waves

The correct normal-shock-wave solution* between two
uniform flows is #,= —i,;, where subscripts 1 and 2 are
before and after the shock, respectively. By setting A7=0 in
(15a) to obtain (AG) s =0, or, from Eq. (14d),

(qE)j,k: (QH)j‘I,k (35)

at S point, we can, following Murman,* check the shock-
point operators to insure the correct normal-shock jumps as
Ax~0 Murman’s operator S/ from Eq. (27b) then gives
ujk—uj 2,k» from which follows Eq. (19). Thus, for an S/
point, the correct jump across a normal shock occurs over two
mesh intervals. For an S2¢ point, Eq (30b) gives
ﬁk_ (2~ ~J 3k) ASAX""O l'i ﬁ] 2,k SOEq
(19) is satlsfled also for an S2a pomt For an S2b point, Eq.
(34) gives @, =—(2a}_5,—a7_;,)". Again, as Ax—O0,
#i_ 35 ~U;_,, 50 Eq. (19) is satisfied for an S2b point.

F. Difference Equations in Terms of z and v

The finite-difference equations derived previously are con-
verted back to u, v by the transformation of Eqgs. (8) and sum-
marized as follows. If we let

p=Ay/Ax 36)
Eqgs. (15a) and (15b) are
(AQ) r+u " (U —vjk—;) =0 (37a)
v (Ujgenr = ix) = (V1= Vi) =0 (37b)
where
(Aq) r=1(q6) jk — (4G ) j- 1k (38a)
(@6) = U ~b)ug—a(u})];u (38b)

and where if

U +ou_; 4
Spk T LK <ucr(Ug)jx=(UEg) k> (Uzc)j,k'—” (ui‘)j,k
1+6 (39a)

Uik +6uj—],k

T35 >ucp: (U6) ju= Upy) jio UE) o= (UH) jk

(39b)
with

(Ue)ju =i, (UE) = (U;4) 7 (40a)

TA second-order scheme equivalent to the 2b formulation has been
derived independently in Ref. 23.
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Ua) e =Ui— g W)= _14)? (40b)

o) e =205 g —Uj_ps
(U320 jue = Qg =t 1) ? (40c)
(2 Yo =205 g — U3
(Udiz )i =214 )2 — (U;_ )2 (40d)
Note that (17, ) # (42 ) 2, in Eq. (40d)

V. Semidirect Method with Stabilizing Terms

A. [Iteration Method 1

A basic feature of the type-dependent, semidirect iterative
method used in Ref. 13 (where & was not arbitrary, »; =1, and
only the first order H-point operator was used) was the
shifting of (Aq), to the right side of (37a) and the insertion
of Ax(u,)c=u;;—u;,—u;_;; on both the left and the right
sides, so that the difference operator on the left was always
elliptic. Then subscript 7, denoting the nth iteration, was put
on the left side and n— I on the right side. The iteration was
performed by solving the elliptic difference operator on the
left using the direct Cauchy-Riemann solver, ' with the type-
dependent right side, known from iteration n— I, as a source
term. A relaxation parameter was introduced (an additional
relaxation parameter in the present treatment) by replacing
each u, on the left side by u} and, after each iteraction, deter-
mining the nth iterate u, from

urI:(I_VZ)un—[-‘}_VZu: (41)

To stabilize the iterations by this method at strongly super-
critical conditions, Ref. 15 introduced extra terms into both
sides of the mass-conservation Eq. (37a), which made the
iterations timelike. An extended form!® of the Cauchy-
Riemann solver is used to treat the elliptic difference operator
with the extra terms.

In the present formulation, including the fully conservative,
second-order-accurate operators as options, Egs. (37)
representing Egs. (6) with the just-described iteration scheme
become

(—o;) (Ufp)— (I +ay) (Uf—l,k)n"‘ﬂ_l (Vjk—Vjk=1)n

=(l—a)) W) poy— T+a) (U ner— [(AQ) 71,
(42a)

~ U ) Ui ) (U= Vs 0 ) n
=(1_Vl)(uj,k+[_uj,k)n~1 (42b)

where o4, , and a,u;_; . are the extra added terms that can
stabilize the iteration and that cancel out at convergence. If
o is different from «,, then the added terms that make the
iteration timelike, when combined, are ‘‘off center.”” The
parameters «; and «, are arbitrary and are to be chosen for
best iterative convergence. The term [ (Ag) 7] ,_; is given by
Eqs. (38-40), with either of HI, H2a, or H2b in Egs. (40)
being selected for H in Egs. (39). The additional relaxation
parameter »,, with Eq. (41), has been introduced because it
can be varied from point to point and from one iteration to
the next, whereas v,, as part of the transformation, is con-
stant. If only this iteration method (method 1) were used, one
then could set », = I everywhere and just use », and b (as well
as a,; and «;) to obtain best convergence. However, v, is in-
cluded for switching to an extrapolation technique, method 2
(see Ref. 15).

B. Accuracy, Consistency, and Stability

Although the order of accuracy and the consistency of the
E and H operators is known from the preceding derivations,
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the P and S operators should be checked for order of accuracy
and consistency. A simplified heuristic stability analysis also
can be made to obtain a rough indication of the stability of
the iteration scheme for each set of operators.

For this study, one first can define an artificial time ¢, its in-
crement Af, and a parameter o that relates the artificial time
scale to the mesh interval Ax by

t=nAlf, a=(a;+a,)At/Ax “43)

It is most convenient to treat the difference Eqgs. (42) with the
stabilizing terms added, but transformed into #&, 7 by Eqs. (8).
One then can expand formally the terms of the difference
equations in Taylor series in both Ax and At. The stabilizing
terms added to the difference equations resulting in Eqgs. (42)
contribute to terms involving u,, u,, u,, etc. Truncation
errors in the difference equations also contribute to the higher
derivatives, and Taylor-series expansions of the difference
equations can be used to study the resulting accuracy, con-
sistency, and stability. The accuracy and consistency of the
difference operators derived in Secs. III and IV, without
regard to the particular iteration scheme, can be obtained
from the following analysis simply by setting all time
derivatives equal to zero. ‘

For simplicity in this discussion, assume that v, =v,=1.
Then the differential equations resulting from the Taylor
series expansions in Ax and At of the terms in Eq. (42a),
corresponding to the different choices for (Ag) r given by
Eqgs. (38), are written conveniently in terms of the following
differential operator:

D, (i) =af,+aid,—0,+ (At/2) [ —adi,
+(ay—ay—2)a,, —2(ai,),] 44)
The results are [assuming Ar= 0O (Ax) as Ax—0]

E2: D, (1) =0(Ax?) (452a)
Hi: D, (#) =Ax(@il,)  + O(Ax?) (45b)
Pl D, (@) =di, — At (di,)  + O(Ax?) (45¢)

S1: D,({i) = —iil, + At (il ), + Ax(f#l,) . + O (Ax?) (45d)

H2a: D, (@) =0(Ax?) (45¢)
P2a: D, (i1) =Ax (i) + O (Ax?) 45f)
S2a: D, (@) = — Ax(dil,, ) +O(Ax?) (45g)
H2b: D, (1) =0(Ax?) (45h)
P2b: D, (@) =Ax(@id,) « +O(Ax?) (45i)
S2b: D, (1) = — Ax(dit,) . + O (Ax?) (45§)

Consistency simply requires that, as Ax—0 and as time
derivatives vanish, Egs. (45) reduce to Eq. (9a): &, — 0, =0.
From Eqgs. (45a) and (45b), both the E2 and the Murman-
Cole H1 operators are consistent with Eq. (9a). Furthermore,
as explained by Murman,* both the Krupp-Murman
parabolic (P/) and Murman shock-point (SI) operators are
consistent for smooth acceleration through sonic and smooth
recompressions through sonic velocity because i#=0+ O (Ax)
at points very near there. At a shock point in a sharp recom-
pression, the consistency of Eq. (45d) is not pertinent; only
the correct shock jump must be guaranteed, as just described.
We thus see that E2 is second-order accurate and HI, PI, and
S1 are first-order accurate at the points of their intended use.

For the second-order-accurate, 2a, formulation, Eqgs. (45e-
45g) show that the H2a, P2a, and S2a operators are not only
consistent with Eq. (9a) but that, as Ax—0 and for vanishing
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time derivatives, H2a is second-order accurate in hyperbolic
regions, P2q is second-order accurate at a parabolic point,
and S2a also is second-order accurate at a shock point in a
smooth recompression. For the second-order-accurate, 2b,
formulation, Eqs. (45h-45j) show that the H2b, P2b, and S2b
operators are consistent with Eq. (9a) as Ax—0. However,
although H2b is clearly second-order accurate as Ax—0 and
time derivatives vanish, both P2b and S2b contain
Ax(dil, ), =Ax (@i, +#2), which is only O(Ax) near points
where =0+ O(Ax). Therefore, the P2b and S2b operators
are only first-order accurate. This will be evident also in the
computed results of Sec. VI.

Heuristic stability considerations are discussed in Ref. 22.
It is indicated that the iteration method just described should
be stable, and thus converge, for some range of values of
o and o, for all of the differencing schemes represented by
Eqgs. (45).

C. Artificial Viscosity

The H2 operators are nondissipative to first order, and ex-
perience shows that the iterative convergence of the second-
order-accurate methods is very slow. Therefore, two methods
of adding artificial viscosity to the hyperbolic regions
(retaining formal second-order accuracy) are considered.
Both methods add artificial viscosity in such a way that the
method is still fully conservative; i.c., the components of Fin
Eq. (11) still cancel out at adjacent mesh-cell boundaries, and
the transition is smooth at P and S points.

The first method is obtained by observing that, since the
H]1 operator is dissipative to first order, one could replace
Gy given by either Eq. (29) or (32) by (cf. Ref. 6)

(Grav)jke = ~kAX) (Gu2) jo + kDX (Gr) jk (46a)

The results are that both u,, and u7,, in Egs. (40) are replaced
by

(Upay) e = (1 —KkAX) (Up) j i +KAX(Up;) j i (46b)
(Uiny) o= (1 —kAX) (ufiz)j,k*'KAx(uiu)j,k (46¢)

and the effects are that (§,) y contains a truncation error of
order Ax higher than that of (§,) 4, in Eq. (25), but that the
truncation error in Eq. (45¢) or (45h) contains a term like the
first term in Eq. (45b) but multiplied by xkAx. (This method is
not adaptable to the first-order-accurate formulation.)

The second method is obtained by noting that the
dissipation in the first-order method (cf. Ref. 24) from Eq.
(45b) takes the form

G+ 0, =AxG+0(Ax?)

Therefore, this can be put into a higher-order dissipative form
by multiplying the right side by kAx so that

[q_K(Ax) 2‘7x]x+6y:O(Ax2)

This, is equivalent to replacing § by §—«(Ax?)g,or
replacing u,, and u; in Eqs. (40) by

(ugy) je=Un) ju— (kAx) (’:‘j—l,k—uj—z,k) 47a)
(u;IV)j,k= (ui{)j,k_ (kAx) (u]?—l,k_ujz'—Z,k) (47b)

This method can be applied to the second-order Egs.
(40c) or (40d) using x=0(1), or it can be adapted to the first-
order formulation by making « larger. This method does not
appear to be as effective when used with the present iteration
technique as the method of Egs. (46) for the second-order-
accurate formulas.

D. Method 2

In Refs. 13 and 15, two versions of an extrapolation
technique are described. The reader is referred to Ref. 13 for
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the most detailed description and to Ref. 15 for a revised ver-
sion that allows the method to be used after iteration method
1 described previously has nearly converged at some points in
the computation field. Method 2 constitutes a new approach
to applying the Aitken/Shanks formula®*?® either for ac-
celerating convergence or for extrapolating to a final solution
using three successive iterates at each point. The formulation
in Ref. 15 includes v, in the transformed equations [obtained
from Eqs. (4) and (5)]. Details are not inculded here because
they are available in Ref. 15, and, at the time of this writing,
the second-order-accurate formulas have not been included
yet in method 2.

VI. Results of Computations

A research computer program has been written to solve the
transonic small-disturbance equations for a thin symmetrical
parabolic-arc airfoil. The linearized boundary condition on v
is applied at y=0, and a far-field solution for u is applied on
the upstream (x=x,) and upper (y=y,) boundaries and for v
on the downstream (x=x,) boundary. For present purposes,
the condition applied at these outer boundaries was in all
cases simply the Prandtl-Glauert solution for a biconvex air-
foil as specified in Ref. 13. The program includes the options
for first- or second-order accuracy in method 1 and the option
of switching to method 2 after some iteration n for the first-
order-accurate formulation. A conversational version of the
program, for interacting with the program, was run on an
IBM 360/67 computer; but the program was run on a Control
Data 7600 computer with FTN (OPT=2) compiler for
measuring all quoted computing times. The program would
require only two two-dimensional arrays (for » and v) if only
method 1 with v, = 1 were used. Use of v, # 1 requires a third
array, and use of method 2 requires a total of four two-
dimensional arrays.

For the biconvex-airfoil problem, results described below
were obtained at four transonic conditions which, with
f(M., )=M?2 in Eqs. (3) and with thickness ratio 7=0.10,
correspond to M, =0.800, 0.825, 0.850, and 0.875. All cases
were run with x, and x, at about %2 chord length from the
leading and trailing edges, respectively. The first two Mach
numbers were run with y,=3.5 and the latter two with
¥, =5.0. In the comparisons below with the program of Ref.
1, which uses the far-field condition of Klunker,?’ the
‘‘variable mesh’’ had upstream and downstream boundaries,
respectively, at 1 chord and 0.875 chord from the airfoil, with
the lateral boundaries at 5.2 chords. The parameter option
k=2 in Ref. 1 was chosen corresponding to f(M,, ) =M2Z, for
proper comparisons. For the timing comparison runs to be
described, the program of Ref. 1 used a uniform mesh with
the same boundaries as described previously for the present
method.

A. Pressure Distributions

Pressure distributions on the biconvex airfoil computed
using method 1 on a 39 x 32 mesh (Ax=0.05) are shown plot-
ted in Fig. 3. Both first- and second-order-accurate, 2a, com-
putations are shown and are compared with results from the
TSFOIL program of Murman et al.! using their refined
variable mesh. On the rather coarse 39 x 32 mesh, the present
first-order-accurate results compare well. The slight jump in
the values behind the parabolic point in the first-order results
is a property of the Krupp-Murman parabolic-point operator.
The second-order-accurate results (using the 2a operators)
tend less to smear over the shock than the first order. The
transition at the P2a point is very smooth, since the operator
is second-order accurate (Sec. V); for this reason, the super-
sonic results, which lie slightly below the variable-mesh results
of Ref. 1, may be even more accurate than those results except
right at the shock wave, where the finer mesh is better.

For the best illustration of the properties of the second-
order schemes, pressure distributions on a very coarse
(19X 32) mesh are shown plotted in Fig. 4. As expected on
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Fig. 3 Pressure on a thin biconvex airfoil.

such a coarse mesh, with Ax=0.10, the first-order-accurate
results shown by circles are very inaccurate in the supersonic
region and smear over the shock very crudely. The anomalous
jump behind the parabolic point is exaggerated by this coarse
mesh, and the extremely smooth behavior of the 2a results
also is emphasized. The 2a results are accurate, with the C,
values being nearly identical (except for some in the shock
region) to the values computed on the finer (39 X 32) mesh of
Fig. 3. Note that in this shock-capturing method the ‘‘shock
jumps”’ are exact only in the limit as Ax—0, but the values of
C, at mesh points on both sides of the shock are computed
surprisingly accurately. If for some reason, however, one
needs the values of the shock jumps computed ‘‘exactly”’
(within the limits of the small-disturbance approximation),
rather than just a reasonably accurate representation of the
overall pressure distribution when using a coarse mesh, he
may want to consider shock fitting.

Finally, Fig. 4a also illustrates the anomalous behavior of
the P2b operator on a coarse mesh. It may be possible to
remove this behavior, but the P2b operator remains first-
order accurate (Sec. V). From the computations made, the 25
operators also appear to be less stable than the 2a.

B. Tentative Evaluation of Free Parameters

The conversational computer program was used for
numerical experiments to determine the best values, for most
rapid convergence, of the free parameters in the program: v,,
vy, b, a;, a,, and &. The interaction of the various parameters
is very complex. After considerable experimenting, the values
are still tentative.

Unless method 2 is to be used in a given case for ex-
trapolation, it is simplest to set v, at unity. However, if
method 2 is to be used, then v, =0.9 appears to give best
results. The most appropriate assignment of v, appears to be
to set v, =vyg for all subsonic values of u;, except just in
front of P points and just behind S points. At those points, as
well as for all supersonic u; 4, v, is set at v,y. The best value of
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‘v, appears to be 0.9, and v, is best left at unity, or set at 1.2

for several iterations (say, until the maximum normalized
residual becomes less than 0.05) and then set at 1.0.

The best value for b appears to be zero. This is true at least
for all subcritical and low supercritical Mach numbers.
However, there has not been enough experimenting with this
parameter at higher Mach numbers.

The evaluation of «; and «, appears to be the most critical
to the stability of the iteration scheme and to the rate of con-
vergence. From the heuristic stability analysis!* and the
preliminary numerical experiments, it appears best to keep
o at zero and use «, as the primary free parameter to be
varied. One needs «, large enough for stability of the iteration
but not large enough to cause too much temporal damping.

For this and subsequent discussions, define a relative nor-
malized error (or residual) at point j, k by

Er=[(uj,k)n'—(uj,k)'n—1]/(|u'max)n—1 (48)

and the maximum value of this over all j,k at given n by
(Er) max *

The following described conditions all refer to f(M,) =
MZ in Eq. (3) and 7=0.10. All values of «; are for the 39 x 32
mesh ‘and for the first-order-accurate HI operator. Other
meshes may have different best values of o,. At 7=0.10, for
all M, <0.800 (a,=<0.3556), «, is kept at zero. At
M, =0.825 (a;=0.4525), «, is started at 0.5; then, after
(E}) max becomes less than 0.01, o, is changed to 1.0. At M,
=0.850 (a,=0.5931), «, is started at 1.0; after n=16, «a, is
changed to 2.0; after (E,) nax <0.01,  is changed to 3.0. At
M,, =0.875 (@, =0.8097), «; is started at 1.0; after n=10, o,
is changed to 2.0. When E, becomes less than 0.001 at all but
three or fewer points, «> is changed to 3.0. At conditions with
other values of @;, one can interpolate between the stated
variations of o, occording to the value of g, .

For stability and iterative convergence, the value §=1 in
Egs. (17, 21, and 39) gives either the same or better results
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than 6 =0. Since §=1 is more reliable in producing a rapidly
converging solution, and since it corresponds to arguments
given by Murman* for the HI operator as well as arguments
in Sec. III, § =1 is recommended for all cases.

C. lteration Counts and Computing Times

Computing times for the first-order-accurate cases are com-
pared here with computing times from the line-relaxation
program TSFOIL' using a mesh and other conditions that are
as close to being ‘‘equivalent” to the present program as
possible. The different capabilities and different properties of
the two methods (and programs) require numerous
qualifications to be made, and an attempt is made to do this
fairly. Both programs were run on the Control Data 7600
computer with FTN (OPT = 2) compiler.

The program TSFOIL has the capability of using a three-
stage mesh refinement, which is effective in decreasing the
total computing time. Since this procedure also could be ap-
plied to the present method but is not included in the research
program, only the single-mesh option of TSFOIL is used for
the comparison. Similarly, the program TSFOIL has a
variable-mesh capability, which also is effective in providing
accurate results with fewer mesh points (and thus shorter
time) than required by a uniform mesh. To some extent (and
without qualification in one direction), the present method
also could employ a variable mesh, and this is expected to be
included in the futire. However, since the present program is
restricted to a uniform mesh, the variable-mesh option of
TSFOIL is not used for the timing comparisons.

Table 1 shows the number of iterations n and the cor-
responding computing times #, to obtain sufficiently con-
verged solutions on a 39 X 32 mesh. Because of the different
convergence properties of the two methods (TSFOIL being a
line-relaxation method for the velocity potential, and the
present method being a semidirect iteration in terms of # and
v), different tests determine when an acceptable solution has
been obtained. This makes the comparison difficult, but the
most appropriate test for each method is used. The program
TSFOIL stops after a maximum difference in (scaled but not
normalized) velocity potential between successive iterations
(1A ) becomes less than some small number (their FOR-
TRAN parameter CVERGE). For the cases run, their results
for C, changed significantly from |A¢| ., of 10 % to 1074
but not between 10 ~* and 10 5 . Therefore, CVERGE =10 ~ .
was used (even though the authors of Ref. 1 recommend the
more stringent 10 ~°). On the right side of Table 1 are values
of n for this test to be satisfied for the program TSFOIL on an
“‘equivalent mesh,’” discussed below. In the present method,
after E, became less than 10 ~2 at all but three or fewer points,
the solutions for C, were graphically indistinguishable from
fully converged solutions except for, at the highest Mach
numbers, points in the shock wave which may be changing
slightly. Therefore, this test is the one used for timing the
iteration method 1. It is found that the slightly changing
values in the shock do not have a significant effect on the rest
of the solution. Such a condition in the semidirect method
may be more acceptable than in line relaxation because the ef-
fect of any error or change at each iteration is felt at all points
simultaneously in the next succeeding iteration, whereas a
line-relaxation method requires a certain number of iterations
for the errors to propagate, reflect, and evantually spread and
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damp out. In the present method, the solution, except within
the shock, stops changing significantly rather quickly. (The
plots in Fig. 3 are fully converged, however.) Corresponding
iteration counts (n) obtained by switching to method 2 are
listed in the middle of Table 1. For example, at M., =0.825, 7
=0.10, after nine iterations by method 1, the next three
iterations by method 2 were used to extrapolate to the final
solution, as described in Ref. 15.

The determination of computing times listed in Table 1
needs some elaboration. The total computing time ¢, for n
iterations in each case is obtained by multiplying » by A¢,,, the
time per iteration. To determine the appropriate At¢, used by
TSFOIL for comparison with the present method, one must
recognize that TSFOIL is set up for an arbitrary airfoil at
angle of attack, and so the airfoil is in the middle of the mesh,
whereas, for the present method, the symmetrical airfoil at
zero incidence is along one edge of the mesh. Therefore, the
‘“‘equivalent mesh’’ used by TSFOIL in measuring » has the
same physical dimensions and number of mesh points on one
side of the airfoil as in the present method. However, the
“‘equivalent mesh’’ used for measuring A¢, in TSFOIL had
the same total number of mesh points on both sides together
as the present method had on one side. Thus, although the
time per iteration in the cases for which # is listed in Table 1
for TSFOIL was 0.033 sec, the equivalent Az, for the ‘‘timing
mesh’’ was At,, =0.017 sec, which was used to obtain ¢,.. The
lifting-airfoil capability of TSFOIL requires some computing
time to satisfy the Kutta condition at the trailing edge, and
this capability and extra time are superfluous for the com-
parison.

Two columns of computing times are listed in Table 1 for
both methods 1 and 2. These correspond to two different
values for Af, in the. present method and represent the un-
certainty in a fair evaluation of the computing time of the
method because of very inefficient coding in the research
computer program. The inefficiency is due partly to inclusion
of many options (some of little use) for research purposes;
these involve many FORTRAN conditional control state-
ments, some within loops. Several facts indicate the coding
inefficiency: first, the program as presently written requires
0.040 sec/iteration on a 39X 32 mesh (resulting in values of
t,, in Table 1), but only 0.014 sec of this is used for the direct
solver itself, indicating an excessive amount of ‘‘overhead.”
Second, it was noticed that, in switching to method 2, the A?,
drops from 0.040 to 0.030 sec for no immediately apparent
reason. Thus, it is estimated that streamlining the program
would result in a reduction of Az, to 0.020 sec or less. For this
reason, the corresponding values of ¢, are listed in Table 1.

Use of the semidirect method does not depend on use of any
particular direct solver. Significantly faster direct solvers
currently are being developed, and, when available, these
could replace the cylic-reduction procedure used in the
Cauchy-Riemann solver !¢ for reducing the large sparse
matrix that is involved. Thus, substantial improvements in the
efficiency of computations by the present method are an-
ticipated.

VII. Concluding Remarks

The fast semidirect iterative method previously introduced
has been extended both to apply to strongly supercritical con-
ditions and to include full second-order accuracy in the tran-

Table1 Iteration counts and computing times?

Method 1 Method 2 TSFOIL
M, :

(r=0.10) n tpasS€C  L,p,5€C n tyq5S€C 1 ,p,S€C n 1,058€C
0.800 12 0.48  (0.24) 6 0.24 0.12) 90 1.53
0.825 20 0.80  (0.40) 12 0.45 (0.23) 100 1.70
0.850 35 1.40  (0.70) 130 2.21
0.875 35 1.40  (0.70) 450 7.65

t,, = time with Az,, =0.040 sec; ¢,, = time with Az, = 0.020 sec; 1,;,

=time with A¢,, =0.017 sec.
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sonic regime. For the extensions, general, fully conservative,
type-dependent, finite-difference equations have been for-
mulated to represent the nonlinear transonic small-
disturbance equations. The preferred second-order scheme 1)
maintains second-order accuracy through smooth transitions
between elliptic and hyperbolic regions, 2) is consistent with
the integral equation to give the correct shock locations and
jumps in the limit Ax—O0, and 3) is stable in the present
method for the examples computed. The main contribution
for stabilizing the semidirect iteration method is the non-
centered addition of the terms that become effectively au,
plus higher derivatives in x and ?. The choice of free
parameters determines not only « but also the degree to which
the representation of u, is off center for best convergence.

Computed pressure distributions, obtained for a range of
transonic conditions on a biconvex airfoil, compare well with
results from a line-relaxation program (TSFOIL) for the im-
proved Murman-Cole method. With use of either first- or
second-order-accurate operators, the shock jumps are correct
to the specified order of accuracy (depending on Ax), and the
shocks are located properly. The second-order-accurate
scheme produces highly accurate results for C, on a very
coarse mesh, including both relatively sharp shock-wave tran-
sitions and completely smooth transitions at parabolic points.

Timing comparisons between the present method and the
line-relaxation method, with carefully chosen ‘‘equivalent
meshes”” and conditions in the program TSFOIL for fair com-
parison and with numerous qualifications, indicate that the
computations by the present method are significantly faster
than by the conventional line-relaxation method. The com-
puting times are expected to be shortened significantly by im-

.proving the presently inefficient coding, by possible im-
provements in specifying free parameters to get shorter
iteration counts, and by using faster direct solvers. The very
short computing times indicate a significant potential for use
in highly efficient transonic flow computations.

The results that have been presented are for very simple
cases and hence are not sufficient to validate the method
thoroughly. For example, the capability of the second-order-
accurate scheme in reproducing the singularity at the foot of
the shock has not been explored yet (because a variable mesh
that is very fine near the shock would be required). In ad-
dition, the method needs yet to be tested with blunt-nosed air-
foils, including flows with a decelerating supersonic region
such as occurs over a shock-free airfoil. Efforts in the near
future will concentrate on extending the method, first to a
variable grid for better accuracy with fewer mesh points and
for applicability to more general airfoils, and then to lifting
airfoils and to three dimensions.
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